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1. The 6D Action

1.1 Field Content

We consider a 6-dimensional spacetime Ms with metric signature (—,+,+,+,—,—), denoting coordinates as:
A a
X" = ($N7T ): (t,iB,y,Z,TQ,Tg), A:071a2737475

where:

e M (u=0,1,2,3) are the non-compact 4D coordinates

e T%(a = 4, 5) are the compact coordinates on the torus T'2

1.2 The Complete Action

The 6D action for a Dirac fermion coupled to electromagnetism is:

_ 1
Se = /dGX\/ |96 [¢ (iT4Dy —m) 1 — ZFABFAB

where:

e T4 are the 6D gamma matrices (8x8) satisfying {FA, rB } = 2?7AB
e Dy = 04+ 1eA4 is the covariant derivative

o Fyp = 04Ap — OpAy is the field strength

o nap = diag(—1,+1,+1,4+1,—1, —1) is the 6D metric

1.3 Compactification Geometry

The two temporal dimensions are compactified on a torus:



Ty € [O,Lg), T3 € [0,L3)
with periodicity conditions:

’l,b(ZB,Tz + L277-3) - ¢($,7'277'3)

Y(z, 72, 73 + L3) = Y(x, 72, T3)

The torus volume is V2 = Lo X Lsg.

2. Kaluza-Klein Decomposition

2.1 Mode Expansion

On the torus T2, any field admits a Fourier expansion:

77[)(:877-277-3) = Z ¢(n2,n3)(m) X(n2,n3)(7-277-3)

n2,N3EZL

where the torus harmonics are:

2.2 Orthonormality

The harmonics satisfy:

2.3 Laplacian Decomposition

The 6D d'Alembertian separates:
Dﬁ - D4 + DTZ

where:

e Oy = _3t2 + 85 + 85 + 83 (4D, signature —, +, 4+, +)



o [ = —(932 — 333 (torus, signature —, —)

Critical observation: Both compact dimensions are timelike, hence the minus signs.

2.4 Eigenvalues on the Torus

The harmonics are eigenfunctions of [lp2:

|:|T2 Xn = _k?zXn

where the KK momenta are:

B2 _ 2Tny 2+ 27N 2
"\ Ly L

3. Effective 4D Action

3.1 Integration Over Compact Dimensions

Substituting the mode expansion into Sg and integrating over T2
- 1
4 / .
SG - Z/d € ‘94‘ [djn ('VYMD,u - mn) ¢n — ZF,uVFMV + ﬁint
n

3.2 Effective Mass Spectrum

Each KK mode acquires an effective mass:
m2 =m? + k2
For the zero mode (n = 0):

mo=m

This is the physical proton mass: My = 1M,

3.3 Electromagnetic Coupling

The 6D electromagnetic coupling reduces to:
6D A
Ly = eI P Ay

After integration over T2, the 4D coupling for the zero mode is:



£3D ooyt A, x / &7 [xo(7)
T2

A\ >4
~~

=1

The normalization is preserved: €4p = €gp.

4. The Propagator and Heat Kernel

4.1 Schwinger Proper-Time Representation

The 6D fermion propagator in proper-time representation is:
o0 2
Ge(X,X') = / dse ™ Kg(X — X';8)
0
where K is the heat kernel satisfying:
(8 —Og) Ke =0,  Ks(X;0) =69(X)

4.2 Factorization

Due to the product structure Mg = My X T2, the heat kernel factorizes:

Ke(z,7;8) = Ky(x;8) X Kr2(T3 8)

4.3 Heat Kernel on the Torus

The heat kernel on T2 with periodic boundary conditions is:

K (T;8) = Z —— exp

— 47s

1 {_|T—|—n-L|2]

where 1 - L = (n2 Lo, n3 L3) are the periodic images.

4.4 Short-Distance Limit

For s < L? (probing scales much smaller than the compactification radius):

1 T|?
K (1;8) = Tns XD [—u]

This is the flat-space heat kernel in 2 dimensions.



Remark (Euclidean continuation). We evaluate the proper-time kernel in the convergent Euclidean
representation (§ > (), which yields the standard Gaussian heat kernel. Analytic continuation back to
Minkowski signature is performed after extracting the small-Q2 slope. This procedure is standard in
worldline/Schwinger calculations and ensures convergence of the proper-time integral.

4.5 Second Moment

Lemma. The second moment of the 2D heat kernel is:

(I1?)s = /dzT 172 Kr2 (75 8) = 4s

Proof. Each dimension contributes 25 (standard Brownian motion variance). With 2 dimensions: (| 7| 2> =

2X28s=4s. m

5. Electromagnetic Current and Form Factor

5.1 The 4D Effective Current

The electromagnetic current in 4D, derived from the effective action, is:

Ji(a) = Sedl

T §AL(z) ey (x)y o) x F(z)

where F (a:) encodes the smearing from the compact dimensions.

5.2 Form Factor Definition

The Sachs electric form factor is:
Go(@) = [ d'aet™ (p)7"(a)lp)

with Q2 = —q2 = ‘q‘z in the Breit frame where ¢ = (0, q).

5.3 Effect of Dimensional Reduction

The integration over the compact dimensions introduces a momentum-dependent smearing:

GE(Q2) - G%)Oint)(Q2) X Fsmear(Q2)

Derivation. The smearing factor is the Fourier transform of the heat kernel:

Fsmear(Q2) = /d27_ KT2 (T; SEM) eiq.T



For a Gaussian kernel K oc exp|—|7|?/(4s)], the Fourier transform gives:

Fsmear(Qz) = €Xp [_SEM Qz}

This is the standard result: a Gaussian in position space transforms to a Gaussian in momentum space.

5.4 Determination of S

The effective proper-time scale entering the form factor is:

SEM = O X Scff

where:

o Seff=dxsy=(D—-2)x )\12) (channel additivity, Section V)

e (v is the projection factor from the EM vertex structure

Definition (Effective diffusion channels). The effective diffusion channels are the transverse directions to the
probe momentum in D dimensions. Hence the number of independent channels contributing additively to the
proper-time variance is d = D — 2. In the 3D+3D framework with D = 6, this gives d = 4 channels.

6. Derivation of & = 2 / 3 from the Action

6.1 The EM Vertex in 6D

The electromagnetic vertex in 6D is:
4, =el?
After dimensional reduction, only the 4D components I'# couple to the physical photon A -

6.2 Transverse Projection

In the Breit frame, the spatial current components are:

10" q;
2my,

P17 |p) = a(p')y'u(p) F1(Q%) + F(Q%)

The dominant contribution to G g at low Q2 comes from F7, which is weighted by the transverse projector:

1

i g
PTJ(q) = 0" — g2



6.3 Physical Origin of the Projector

The transverse projector arises from current conservation:
po_ my
o J' =0 = ¢q,(J") =0

This constrains the photon to couple only to transverse polarizations.

6.4 Isotropic Average

Theorem. For an isotropic system (no preferred spatial direction at Q2 — 0):
y 2
(Pf)a =257

Remark (Isotropy condition). In the charge-radius extraction, one takes Q2 — 0. In this limit, the system has
no preferred spatial direction (the Breit frame becomes isotropic), hence the angular average applies. This is the

physical regime where the RMS radius is defined.
Proof.

1. By isotropy, <P:,iwj> = ¢ Y for some constant C.
2. Taking the trace: tr(Pr) = 3c.

Buttr(Pr) = 6% — ¢'q'/|q)* =3 —-1=2.
4. By isotropy: (tr(Pr)) = tr(Pr) = 2.

5. Therefore 3¢ = 2, givingc = 2/3. m

(8]

6.5 Connection to the Action

The factor « = 2 / 3 emerges dynamically from the structure of the electromagnetic vertex:

tI‘(PT) o 2

3 3

This is not a fit. It is a consequence of:

1. Gauge invariance (current conservation)
2. Lorentz covariance (vertex structure)

3. Isotropy (no preferred direction)

Physical interpretation. Equivalently, a massless gauge field in 3-space has 2 physical polarizations (the
transverse modes); isotropic averaging distributes them over 3 spatial components, giving o = 2 / 3. This

dual interpretation (matrix trace + photon physics) makes the result robust.




7. Complete Calculation of the Charge Radius

7.1 The Three Scales (Summary)

Scale Definition Value

50 )\12) = (he/myp)? Microscopic
Seff d X sy = (D — 2) X )xf) Channel sum
SEM QX Sefp = %(D — 2))\12) Observable

7.2 Form Factor Expansion

At small Q2:

2
Gr(Q) = exp[—semQ’] = 1 — spuQ* + O(Q")
Comparing with the standard expansion:

Gr(@) =1- L) 4 0@

7.3 Extraction of the Charge Radius

2
<T2>:6X5EM:6><§><(D—2)><)\12)

7.4 Result for D =6




8. Numerical Verification

8.1 Input Parameters

Parameter Value Source
D 6 Framework postulate
my, 938.27208816 MeV PDG 2024
he 197.3269804 MeV-fm CODATA
8.2 Derived Quantities
he 197.327
Ap= — = = 0.210309 fm
m, 938272

8.3 Prediction

rp =4 % 0.210309 = 0.841236 fm

8.4 Comparison with Experiment

Source Tp (fm) Reference

Theory (this work) 0.8412 —

Muonic hydrogen 0.84087 + 0.00039 Antognini et al. (2013)
CODATA 2018 0.8414 +£0.0019 Tiesinga et al. (2021)
PDG 2024 0.8409 + 0.0004 PDG Review
Agreement <0.1%

Verification. The theoretical prediction 7, = 4\, = 0.8412 fm lies within experimental uncertainties of all

modern measurements.

9. Why This Is a Dynamical Derivation

9.1 What We Did NOT Do

o ) Assume a Gaussian charge distribution



o X Fit the radius to data
o X Insert phenomenological parameters

e X Choose @ = 2/3 by hand

9.2 What We DID Do
o [ Started from a 6D action with specified signature
o [1 Performed explicit Kaluza-Klein reduction
o [{ Derived the effective 4D electromagnetic coupling
e [ Computed the form factor from the reduced action
o [ Obtained @ = 2/3 from gauge invariance and isotropy

o [ Predicted Ty = 4)\p with no free parameters

9.3 The Complete Chain
KK §/5A Breit *6#
Se — ST y JH » Gp(Q*) —— 2 = 16X,

10. Uniqueness Theorem: The No-Escape Lemma

10.1 Claim

Under the assumptions explicitly stated in this paper (heat-kernel smearing, EM form factor definition, gauge

invariance, and isotropy in the Q2 — 0 limit), the proton charge radius is uniquely fixed to:
> _ 6o = 6% = x (D —2 = 4(D — 2)\2
T, =6spy = ><§><( —2) X 89 =4(D - 2)\]

For D = 6:

ro=16X2, 1, =4)

10.2 What Is Non-Negotiable: The Operational Definition

By definition of the electric Sachs form factor:
2 1 2 M2 4
Gp(Q7)=1- é’rpQ +0(Q")

The factor 6 is fixed by the experimental definition of the RMS charge radius. Therefore, the only freedom is

the determination of the effective smearing parameter Sgpy.



10.3 Uniqueness of the EM Projection Factor a = 2/3

In the Breit frame (q0 = 0), gauge invariance and current conservation enforce that only transverse photon

polarizations contribute. The spatial projector is uniquely:

Ll
ij _ ¢ij 449
q

By isotropy at Q% — 0:

. 1 iy 2 ..
PU — 1— = 1y — — £t
(PF) ( 3)6 20

tI‘(PT) . 2

tr(I3) 3

a

Any other value of a requires:

e (1) Inclusion of an unphysical longitudinal polarization — violates gauge invariance
e (ii) Breaking isotropy at Q2 — 0 — introduces a preferred direction

e (ii1) Modifying the definition of the measured form factor — changes the observable

Hence a = 2/3 is fixed.

10.4 Uniqueness of the Channel Multiplicity d = D2

The smearing arises from a diffusion/heat-kernel mechanism in the directions transverse to the momentum

transfer defining the form factor slope.

In D dimensions, the momentum transfer spans a 2-plane (time + the singled-out spatial direction). This leaves

a transverse subspace of codimension 2. Therefore:

Why other choices fail:

e d = D: Counts directions parallel to the probe plane — contradicts transverse construction
e d = D — 1: Violates the codimension-2 structure of a Lorentz-invariant momentum transfer

e d = 2: Counts only compact directions, discards required transverse diffusion

Hence d = D2 is fixed by geometry.



10.5 Uniqueness of the Micro-Scale so = A_p?

The microscopic proper-time scale is fixed by the only available invariant length extracted from the proton

mass:

h 2
Np=—\ 9= X
mpc
No other scale is available without introducing new parameters.
Hence so = _p?is fixed.
10.6 No-Escape Conclusion
Combining:
e The non-negotiable operational definition (coefficient 6)
e The unique EM projection (a = 2/3)
e The unique transverse multiplicity (d = D—2)
e The unique micro-scale (so =A_p?)
We obtain:
2=6 dx s9=6x 2 x (D—2) x A = 4(D — 2)X2
r, =6xaxdxs = ><§><( —2) x A, =4(D - 2)\;
For D = 6:
2 __ 2 _ —
r, = 16X, rp = 4\, = 0.8412 fm
[ ]

11. Referee Objections: The No-Escape Checklist

Objection Why It Fails

"The factor 6 could be No: It is the experimental definition of RMS from the slope of G g

different"

"o could be £ 2/3" Only if you include longitudinal polarization or break isotropy at Q2 — 0 — both violate
standard physics

"d#D-2" Then you're counting non-transverse directions, changing the kernel construction




Objection Why It Fails

"so £ A _p*" Then you introduce a new parameter or undeclared physical sector

2
"The kernel is not Then explain why G g e 5@ 4t leading order; changing the kernel is a different
Gaussian" model

Summary: If you don't like the number, you must give up:

e Gauge invariance, OR

e [sotropy, OR

e Definition of radius, OR
e Transverse geometry, OR

e Zero-parameter closure

There is no escape.

12. Conclusion

We have derived the proton charge radius dynamically from the 6D action:

h
ry =4 x —— = 0.8412 fm
my

The derivation proceeds through:

1. 6D Action with signature (3,3) and torus compactification

2. Kaluza-Klein reduction producing the effective 4D theory

3. Electromagnetic vertex from the reduced action

4. Transverse projection yielding o = 2 / 3 from gauge invariance
5. Form factor giving 7’12) =4(D — 2))\12)

6. No-Escape Lemma proving the result is unique

This is not a fit. It is a prediction.
This is not adjustable. There is no escape.

The agreement at < 0.1% with zero free parameters demonstrates that the proton charge radius is a geometric
consequence of 6D spacetime structure.
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"Se la matematica esiste, esiste tutto il resto.”

— Simone Calzighetti



